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Abstract 

> 

• We define a g-analog of the modified Bessel and Bessel-Macdonald functions. As for 

the q-Bessel functions of Jackson there is a couple of functions of the both kind. They are 
■ arisen in the Harmonic analysis on quantum symmetric spaces similarly to their classical 

counterpart. Their definition is based on the power expansions. We derive the recurrence 
relations, difference equations, q-Wronskians, and an analog of asymptotic expansions which 
[ turns out is exact in some domain li q ^ 1. Some relations for the basic hypergeometric 

■"T^^' function which follow from this fact are discussed. 

cr. 
> 



1 Introduction 

The q-analogues of the Bessel functions introduced ninety years ago by Jackson Q are a subject 
^ ■ of investigations in the last years ||2|, ^. In these works their properties are derived in connection 

with the representation theory of quantum groups as well as their classical counterparts Q. 

Our main interest is the q-analogues of the Bessel-Macdonald function Ky (BMF) and modi- 
fied Bessel functions ly (MBF). Their presence in the Harmonic analysis on homogenious spaces 
is at least threefold. First of all, BMF is the essential part of the Green function for the 
Laplace-Beltrami operator on noncompact symmetric spaces with nonpositive curvature ^. 
Next BMF define irreducible representations of the isometrics of the pseudoEuclidean plane 
Finally, BMF are the simplest so-called Whittaker |0, |^, ^ functions, related to the symmetric 
spaces of rank one. It turns out that the Whittaker functions up to a gauge transform coincide 
with the wave functions of the open Toda quantum mechanical system In particular, for a 
rank one symmetric spaces they defined the wave functions of two-dimensional gravity in the 
minisuperspace approximation |10|. In both constructions MBF play an auxiliary role 



In fact the main motivation of our work is the last approach. In our previous work [|r^] 
we have described the Whittaker function for the quantum Lobachevsky space. They emerge 
as some special eigenfunctions of the quantum second Casimir operator. In this context it 
was possible to reduce the problem to commutative analysis, though the original formulation 

^Supported by ISF-MIF-300 , RFFI-94-02- 14365 and INTAS-93-0166 grants 
^Supported by ISF grant JC 7100 
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is essentially noncommutative. The further progress in the Harmonic analysis demands to take 
into account the noncommutativity of the group algebra. It concerns, in particular, with the 
Poisson kernel for the Dirichlet problem in the quantum Lobachevsky space. In the classical case 
the Whittaker functions or, what is the same, BMF are the Fourier transform of the Poisson 
kernel. To reproduce this construction in the quantum case it is necessary to derive the most 
fundamental properties of q-MBF. 

As in the classical case we begin with definition of q-MBF as the power expansions. There 
are two q-MBF and they are related to q-Bessel functions of Jackson as the classical ones. 
We derive the action of difference operators, recurrence relation, difference equation and q- 
Wronskian for them. The most of these results can be easily derived from [^, ^, where q-Bessel 
functions were investigated. While the definition of q-MBF, based on the Jackson q-Bessel 
functions is strightforward, the definition of q-BMF is a rather subtle. We choose it in a such 
way that it becomes a holomorphic in the complex right half plane. We repeat the same program 
for q-BMF as for q-MBF. The most important part for the applications is the Laurent type 
expansion which is only asymptotics in the classical case and is represented by an convergent 
series in some domain in the quantum situation. Using this property we obtain in conclusion 
some relations for the basic hypergeometric function. 

2 Some preliminary relations 



We derive some needed relations for the fundamental functions eq{z), Eq{z), and Tq{z) |12]. As 
by product we define q-psi function. 
l.For an arbitrary a 



ia,q)n 



1 for n = 

(l-a)(l-ag)---(l-ag"-i) for n > 1, 



lim {a,q)n. 

n- ' — 

The g-exponentials are determined by formulas: 

oo I 

M^) = i:'-7r-x^ = i-^^i)oo, . (2) 

n=0 WiVJn 

They are the q-deformations of the ordinary exponent 

lim - q)z) = Hm Eg{{l - q)z) = e\ 

(j^l— g^l— 

Obviously, we have from (||) and (|2|) 

eq{z)Eq{-z) = 1 (3) 

It follows from (|^) that the function eq{z) has the ordinary poles in the points z = q~^,k = 
0,1,.... 
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Proposition 2.1 (F.I.Karpelevich) The q-exponential eq{z) can be represented as the sum 
of the partial functions 

1 ^ (-l)kMk+l)/2 

Et4^^- (4) 



Proof. Let 



eq{z,n) 



St 



(9, q)n i - zq- 



Then 



Cfc,n = res^^q-keq{z,n) = lim (l-zg )eq[z,n) 



(l_g-fc)...(l_g-l)(l_g)...(l_gn-fc) 

(_l)fcqfc(fe+l)/2 

{q,q)k{q,q)n^k 



From this we have 



" ^_l)k^k(k+l)/2 1 

eq{z,n) = 2^ 



k=0 



[q,q)k{'^ - zq'^) {q,q)n-k 



As 7 — \ — < 7 — \ — we obtain 

{q,q)u-k {q,q)ac 



1 ^ (-l\kqk{k+l)/2 



The next Proposition follows from (|T|). 
Proposition 2.2 



where 



dqeq{{l - q)z) = eg((l - q)z), 
f{z) - f{qz) 



dj{z) 



The following Corollaries are evident. 
Corollary 2.1 



.1-q' 



qz)=[l 



(1 - q)z 



1-q' \ A 



-Z Cn 



-z), 



9 z) 



1 



1 



(5) 



(6) 
(7) 



Corollary 2.2 



v( — ^ — 1 ^ ) 



(1 - .2 



eA^z^). 



(8) 



Remark 2.1 It follows from^ 



eg(^— ^)eg( —z) 



{K^z,q)oo {K^z,q)QO 
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2. The gamma- function 



r (a)= /'^^^ 



If n is a natural number then 



Proposition 2.3 The function Tq2{z) can be represanted in the following form 
Proof. It follows from (|9|) that 

r,2(z) = (g2,g2)^(l_^2)l-. (^2.)^ 



Substituting in this equality (Q) we obtain (|10|). ■ 

We denote by ipq{z) the logarithmic derivative of Fg-function 



From (I) and (0) we receve immediatly 



Proposition 2.4 T/ie function ij)q2{z) has the following form 

2 y 



2fc+22 ' 

A:=l 



V',2(z)=-ln(l-g2)+lng2^- 
CoroUary 2.3 

lim ^ , , = ( — 1) ; ^- — Inq . 



Proof. This result is obtained from (10) and (12) 



3 The Modify g-Bessel Functions 

1. Definition. 

In [|l| the (7-Bessel functions were determined as 



4'\z,q) = ^^j^^(^/2r 2^1(0,0; g'^+^g,-^), 



Z/2Y o$i(-;g^+^g, 



where 2*^*1 and 0*^*1 are the basic hypergeometric functions [12| 



.$.(ai, • • • , a.; 5i, • • • , 6.; z) = f; (ai, g)n ■ ■ ■ (a. g). ^(_^^.^„(„-i)/2]i+.- 

{Q,q)n{bi,q)n---{bs,q)n 



It allows to define q-MBF in analogy with the classical case ^] as ( |14[) and (15) 



Definition 3.1 The functions 

/<"(^, 9) = ^^j^j^(z/2r 2*i(0, 0; ,-+■;,, ^), 

are called the modify q-Bessel functions. 
Evidently, 

/^■)(z,g) = e-^4^)(e-/2z,g), j = 1,2. 
We will consider below the functions 

- ^ ^ ) - A. (,2,,2)^r^,(, + , + i) • (18) 

If |g| < 1, the series ( p^ ) converges for all z 7^ absolutely. Therefore — q^)z\q^) is 

holomorphic function outside of z = 0. 

Remark 3.1 

Mui ll^\{l-q^)z;q^)=I,{z), J = 1,2. 
g— >1— 

2. Recurrence relations and difFernces. 



Proposition 3.1 The function — q'^)z;q'^) satisfies the following relations 

2 
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d.z^P'liil - q')z; q') = z^-' - q')z; q'), (19) 



(1 + g);^«^'^^^'^«i - 9')^;'?') = - 9')^; 9'), (20) 

where the operator dq is determined by 
Proof. 

^^9,.^li^)((l - ,^)z; q^) = E 



{l + q)z ' f^^2-+^'<'-^q^q^)k-iTq.{-u + k+l) 

^ o-i/+l+2A:/- 2 2T~P — ? , i , , , in = -^-i'+l((l "9 )z;q )• 

^2 '^+^+2'=(g^g^)fcrg2(-z^ + 1 + + 1) 



The proof of (pO|) is the same.i 
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Proposition 3.2 The function — q^)z]q^) satisfies the following recurrence relations 



.2w.«2x _ .(1) 



2\ 2\ 



(1 - q^)z 

e\((l-,2)z;,2)+/(^i((l-g^)z;,2) 



(9 



-''-qnii'K{l-q')qz;q% (21) 



(l-g2)2 

Proof. It follows from (|l9|) and (|( 

r(l) 



{l-q^)z 
2 



(22) 



4'\{l-q')z;q')-q-'^li^\{l-q^)qz 



■,q 



{l-q^)z 

Summing and subtracting these equalities we obtain the statement .■ 
Proposition 3.3 The function — q'^)z;q'^) satisfies the following relations 

^ -dgz''I^^liil-q')z;q^)=q-''^'z''-'l%,i{l-q^)qz;q''), 

-dgz'^lPiil - q^)z;q') = q-^+^ z'^-H'i^\{{l - q^)qz;q^). 
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{i + q)z 

Proposition 3.4 The function — q'^)z;q'^) satisfies the following recurrence relations 



q-'li^ai - q')z-q') - q^ - q')z-q') 



(2) 



{l-q')z 



(q- 



'll'Ma-q')z;q')+q''llU{l 
2 



z: I 



il-q^)z 



{l-q^)z 
{q-' + qniPii^-q')z;q'). 



Vi'\{l-q')z;q') 



lP{{l-q')q-h;q')- 



The proof of Propositions |3.3| and |3.4| are the same as 3.1 and 
3. Difference equation. 



Proposition 3.5 The function — q'^)z;q'^) is a solution to the difference equat 



ion 



q-Hl-q^f 2 



f{q-^z)-{q-- + qnf{z) + f{qz)=Q. 



(23) 



Proof. Substituting ( [l7| ) in the left side of ( [2^ ) we obtain 



E 

fc=0 L 



^-u-2k _ ^-u _^u^ ^u+2k _ q_ 



'U-2k-2f-, „2\2^2 



(1 - q^z' 



(1 - g2)fc(2/2)^+2fc 



iq\q^)kTAu + k + l) 



oo^ q~u-2k^^ _ g2fc)(i _ q2u+2k^^^ _ q2^k^^l2Y+2k ^ oo^ ^^-^-2fc-2(i _ ^2)fc+2(^/2)'^+2'=+2 



k=i {q\q^)kr,2{v + k + l) 

Changing /c to /c + 1 in the first term we obtain zero.B 



{q\q')kTA^ + k + l) 



Corollary 3.1 The function — q'^)z;q'^) satisfies the equation (25). 

Proof. Obviously the left side of (^) is a even function of i^. Then the change to —u in 
TtI) transforms a solution to (|2^) to a solution.B 



Definition 3.2 The q-Wronskian of two solutions fl{z), fy{z) to a difference second order 
equation is 

W{flfl){z) = fl{z)fl{qz) - fl{qz)fl{z). 

If (7-Wronskian nonvanishes an arbitrary solution to the difference second order equation can 
be written as 

fu{z) = Cifl{z) + C2fl{z). 
In this case the functions fl,{z) and fy{z) is the fundamential system of solutions. 

Proposition 3.6 If v is noninteger the functions — q^)z] q^) and — q^)z] (f') form 

a fundamental system of solutions to the equation (\2^. 



Proof. Consider the g-Wronskian 

- q^)z; - q^)qz; q') - - q^)qz; g2)/«((l - q^)z; q'). (24) 

Since li^^ and I^l are solution to (p3|) then 



- q')q'z; q') = -[I - _ ^2^^. ^2) + ^ _ ^2)^^. ^2^, 

Thus 

= /«((! - q^)qz;q')I^}l{{l - q^)q^z;q^)- 

- q')q'z;q')I^}l{{l - q')qz;q') = [1 - il^z2]iy(/«, 
Comparing this equality with we can write 

^2\2 



W{li'\l^l){z)=C.e^.C-^-^z^). 
Setting 2 = in (p^) we obtain 



_ q-'^il-q' 



So finaly 

i^2(zy)i^2(l - l^j ^ 4 

Obviously this function nonvanishes .■ 

If = n is integer then from (^) and (|l8|) 

/^]((l-g2)^;52)^^0)((l_^2)^.^2)^ ^.^-^^2. (26) 
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Proposition 3.7 The function — q'^)z;q'^) is a solution to the equat 



ion 



f{q-'z)-{q~'' + qnf{z) + 



1 



(1 - ir 2 



4 



fiqz) = 0. 



(27) 



This Proposition is proved in the same way as Proposition |3^ 
Corollary 3.2 The q-MBF are related as ^ and ([I 



z;q ) = eg2[ ^ 



Proof. It follows from (|2^) and (g) that 



(28) 



e,.{^-^^zyi^\{l-q')z;q^) 



satisfies (|2^). Hence if u is noninteger 

.(i-g^ 



z2)/(2)((l - q^)z;q^) = ^/W((l - q^)z-q^) + i?/i^j((l - <?2)^;g2)_ (29) 



Multiplying this equality on {z/2)'^ and setting z = we obtain B = 0. Multiplying (p9|) on 
{z/2)~'^ and setting z = we obtain A = 1. 



Since (|l^) and (18) are continuous functions of u, then ( psD is valid for = n as well.i 



Multiplying the both sides of (^) on Eg. 
Corollary 3.3 

lP{{l-q')z;q')=E, 



Q_ 2\2 „ 

2^ — -^^ — 4~-2 ) we obtain 



Proposition 3.8 The function — q^)z; q^) is the meromorphic function outside of z = 



with the ordinary poles in the points z = ±f2-^,r = 0,1,... 



Proof. The statement of this Proposition follows from (28) and Remark 2.1 



as 



e„2( 



(1 



4 



-z^) 



1 



1 



1-q' 



-Z Cn 



l-q' 



Remark 3.2 If q ^ 1 - the all poles of - q^)z;q^) 

2g-'- 



Zr = ±: 



l-q^ 



r = 0,1, 



go to infinity along the real axis. 
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4 The Laurent Type Serieses for Modify g-Bessel Functions 



Unfortunately the function li/ ((1 — q^)z\q^) is determined by power series (^) in domain 
only while we need a representation of this function as series on the whole complex 



\z\ < 



plane. Now we will try to improve this situation. 



Proposition 4.1 An arbitrary solution to (25) can be written inform 



+ 



2 



2q 



(1 - q^)z 



) + 



^z 



2q 



{l-q^)z" 



(30) 



where 2*&i is determined by ^ 

Proof. Let fu{z) be a solution to (p3|). Represent it as 



Mz) = -j=eq{-^^z)<^l{z) + ^eg( ^ 



(31) 



We assume here that the first summand on the right side satisfyes the equation (psj). Then the 
second summand is also a solution. Consider the first summand. Substituting it in (|2^ ) and 
using (^), ^ we obtain the difference equation for <\)\j{z) 



1 + ^''"-"^'. 



Represent 0^(z) as 



^l{<l-^z)-q^l\q-^ ^q^m{z)^ 



fc=0 



1 — z 



(^liqz) = 0. (32) 



Then oq is arbitrary, and for any k > 1 

2g(l-g''-i/2+'=)(l 



and 



Assuming oq = 1 we obtain 



dfc = «0- 



(l-g2)(l_g2fc) 
2^*=(g-+V2,g),(g-+l/2,g), 



(l-(72)fc(g2^g2) 



^l(^) ^ g 2^^(g-+V2,g),(g-'-+l/2,g), ^^_^ 



A:=0 



(1-52)^(^2^^2)^ 



(33) 



Similarly 



2(^) ^ g(_^),2^g^(g^+^/^</)fc(r'^+^/^9)fc.-fc 



k=0 



-z 



ti-z). 



In view of this fact we will drop the superscript. The series (E^) converges absolutly for 



\z\ > 



2q 
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The coefficients a and b are determined uniquely by fy{z). In fact let z = zq, \zq\ > 2/(1— q'^), fy 
A and fu{qzo) = B. Using (|6|), (0) we come to tlie system for a and b: 



2 



{K^z)(t)y{ZQ) + -^eq{-K3-z)(t)y{-ZQ) 

§=(1 - (1 - q^)/2z,)e,C-^z)Mqz,) + J=(l + (1 - q^) /2zo)e,{-l^z)cl^,{-qz^) = B. 



Its determinant has the form 

„-l/2 ,(1-^2)2 



w 



z'^)[(j)y{zQ)(j)y{-qzQ) - (l)y{qzQ)(j)u{-ZQ) + 



1 - g2 

H ^ — ZQ{(t)u{zQ)(l3y{-qzQ) + (/)^(g2;o)(/);.(-zo))]. 



Assume for a moment that W{zq) = for some Zq : \z\ > j^^- Then 

f (l)„{zo)(t)u{-qzo) - 4>u{qzo)4>y{-zo) = 
I (?:),,(2;o)(/'iy(-g2;o) + 0i.(Q2;o)0i/(-2:o) = 

or 



= A 
= B 
(34) 



(pu{zo)(l)ui-qzo) = 
(/);,(gzo)(7:'j.(-zo) = 



(35) 



It follows from (p3| ) that (^) is fulfild if (I)u{zq) = (puiQZo) = (or cj)^{—ZQ) = (j)y[—qzQ) = 0). In 
this case from (p2|) we have 4'u{q~^ZQ) = 0. And hence (l)y{q~^zo) = for any r = 0, 1, . . .. But 
it contradicts the obvious equality lim^ ^ (l)y{z) = 1. Thus W ^ 0, and a, b are determined 
uniquely from (|3^). 

It is easy to see from (^) that 



k=0 



iQ,Q)ki-q,q)k V(i-g^)2 



2g 



(l-g2)^^- 



Substituting this function to (|3lD we obtain (|30|). 
We denote 



2q 



(1-^2)^ 



) = Mz) 



(36) 



for brevity. 

Proposition 4.2 T/ie - q^)z; q^) for z ^ can be represented as 



l')z;q') 



l-(?2 



e^{^z)'^Az) + ^e-V,( ^z)$.(-z) 



(37) 



where ^u{z) is determined by (3C) and 



(38) 
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Proof. It follows from corollary 3.2 and Proposition 4.1 that 



eq[^—z)eq{ 



,1 



e,(^.)cl>,(z) + ^e,(- 



2 



(39) 



in the domain < |z| < j-r^. The functions in the right and the left sides are meromorphic 

in the domain z 7^ 0, and have the ordinary poles in the points z = ztj^^, r = 0, 1, • • •. Due to 
the uniqueness of the analytic continuation the equality ( ^9|) is valid in the domain z ^ Q. We 
require that the residues in the poles of both sides ( |39| ) are equal. Then for z = 



1 — (7^ 



(40) 



and for z 



2q~ 



l-q-' 



,{-q-lll'\-2q-^;q')=K 



f/^ 1 



-1>.(- 



2q- 



1-q- 



It follows from (|l|) li, ' {-2q-'' ; q^) = e^""" h{2q-' ■ q'^) . Hence from ^ and (0) 

6„ = ie^'^'^a,.. 



(41) 



(42) 



Assuming r = in (|46|) we have (p8[). Substituting ( [42[ ) to (|39|) we obtain the statement of the 
Proposition. ■ 



Proposition 4.3 The coefficients pq j satisfy the recurrent relation 



and the condition 



-u+l/2 



2Tq2 {v)Tij2 (1 — u) sin vti 
Proof. Substitute (|]) in (|2|) and (H). Then using (|) we have 



(43) 
(44) 



ay-i^y-i{z) - ay+i^yj^i{z) = 2a^q 

a^-i^u-i{z) + a;,+i4>,,+i(z) 



g-'^ - q" 
{l-q^)z 



(1 



1-q^ 



z)^u{qz), 



(45) 



1 



^)z 



Turn 2: to the infinity in ( ^5| ) and ( ^6|) we come to the system 

f a,,_i - a,,+i = -a,yq~'^/'^{q~'' - q") 
\ au-i+a^+i= a^q-^/^iq-" + q''). 



(46) 
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From this system we obtain the first statement of the Proposition. 

Consider the g-Wronskian W{li^\l^l) (|25|), and the representation (|37|) . Then for / n 

g"'^(l-g') 2^ -1/2 -1 ^ . w 

P . ^-p .1 A ^ =9 ^ ai.a_^z eg(— — z eg ^^)x 

x{ie— [(1 + - (1 - ^i^z)<^,{qz)<!>,{-z)] + 

+ze--[(l - l_^z)$,(-z)$,(gz) - (1 + l_^^)a>,(-gz)$,(z)]}. 

Reducing this equality to the g-exponentials and turning z to infinity we obtain (^4|).b 
If u = n from (^) we have 

If k = 2n then a„ = 



From (H) and p| (1.10.16) we obtain 



2 g-'^'+V2lng-2 



Proposition 4.4 T/ie g-M5F /^^^((l - g^)^; g^) /or z 7^ can 6e represented by 



((1 "^-•-2 



- 1 ■ • 



ii;,(l^z)cl>.(z) + ^ei^-E,{-^-^z)'^,i-z) 



(48) 



Proof. This statement follows from Corollary |3.3| and (| 

5 The g-Bessel-Macdonald Functions 

In the classical analyses the BMF are defined as 



Ku{z) = -£-[I^,{z)-I,{z)] (49) 

Z Sm UTT 



for ly ^ n, and if 1/ = n by the limit for 1/ ^ n in (^9|). Here we present the correct "quantization" 
of this definition in a such way that other properties are also quantized in a consistent way. 



Lemma 5.1 For 

d d 

{^a^ - Tra-u)\u=n = ana, (50) 
ov ov 

where 

91ti«2 °° n2A:^ °° „2«+2A:+2 

" ~ r(2)/o ^ ^ ('„2 „2)2 V'*^ ~ 1 _ „2i+2fc+2''- 

'(2;g2) [q ,q )k 1=1 ^ q 

Proof. Let n = [u]. It follows from (43) 



ttu — ay^nq 2 ; a^v — a-yj^nq 2 



Then 
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Using ( |38[ ) we obtain 

d d 



\u=0 



It follows from (IT 



ao- 



'2 / 5 d (2) 



dv 



2 V A:g^^('^+^) 



ln(l-gV^^)(2;g^ 



E 

fc=0 



From (|T2D and 



dv 



kq 



00 ^2fc2 



2 In E - 2 1^(1 - (2; 'Z^) - 2 E V',. (fc + 1) 



/eg 



2A:2 



21ng^E -21ng^E 



fc=o ^'^ ' ^fc 

00 ^2A:2 00 ^2i+2A:+2 



k 1=1 



qH + 2k + 2' 
Now (|0|) follows from (0) and (|2|). 

Definition 5.1 The q-Bessel-Macdonald functions (q-BMF) are defined as 



i^(^)((l-g2)z;g2) 



4(a,a_,)3/2 



sm Z/TT 



a./^^((l - g')^; g') - a_,/(^)((l - g^)^; g^) (53) 



with au (H^, J = 1,2. 



(52) 



As in the classical case this definition should be adjusted for the integer values of the index 
u = n. Consider the limit of ( |53|) for j = 1 taking into account (^) 



Ki'\{l-q')z;q') 

Using ( p^ we can write 
d 



a./i^)((l-g2)z;g2)-a_./«((l-g2)z;g2) 



hm 

4a^ i^^n 



sm VTT 



{1 - q^)''{z/2y+''^l^„2{v + k + 1) 



du 



/«((l-g2)z;g2)=lnz/2/«((l-g2)z;g2)-E ^ 2 2^ r r ^ ^ n 

(g^g^)fcrg2(i/ + A; + 1) 
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Due to Corollary 2.1 



[|-li^)((l - q^)z;q^) - " q^)z;q^)]\.=n = -21nz/2/«((l - q^)z;q^) + 



„-(n-k-l)(n-k-2)('\ „2\-n+2k(„2 „2\ 

+ lnq'Y.i-^r-'— ^T^^ ^_Lliz^(,/2)-n+2. 

fe=0 



+ 



°° (1 — o2)n+2fc('~ /2)n+2fc 



k=0 



Thus 



i^«((l-g2)^;g2) 



^ ^ ' -[ij^a.-^a.^)\u=nli'\{l-q')z;q') + 



47ra^ 



+a„(|-/«((l - _ |-/(l)((l - q')z-q'))\,=r^]. 



The final expression follows from Lemma |5.1| and ( p4D that 



47ra2 



{(a-21nz/2)/«((l-g2)^;g2)^ 



(54) 



J^-l „-(n-A:-l)(n-fc-2)/i „2\-n+2kf„2 „2\ 
+ In ^ 1^ ^'^ ^^)n-k-l (,/2)-n+2. 

fc=0 



{q^,Q^)k 



+ 



E 

fe=0 



(1 - g2)n+2fc(^/2)n+2fc 

{q'^,Q^)k{q'^,q'^)n+k 



^pg2{n + k + I) + 7p 2{k + 1) }. 



For j = 2 we have 



i^(2)((l - g^).; g^) = ^^^^^^^{(a - 21nz/2)/(?)((l - g^)^; q') + 



n-l 



„~(n-k-l)(n-k-2)+2k(k~n) (-1 „2\-n+2fc/'„2 „2\ 

+ lnq'Y.i-^r~'— 2 ^_Llizi^(,/2)-n+2. 



k=0 



^ ^2fc(n+fc)^-|^ _ ^2^n+2fc^^^2)"+2fc 



k=0 



'>pg2{n + k + I) + ipg2{k + I)]}. 



+ 



Proposition 5.1 q-BMF Ki'^\{l - q^)z;q^) is a holomorphic function in the domain Rez > 

2q 



Proof. Substitute (g^) in (|5|). Then 

-1/2+1/2 1 _ 2 

i^«((l - q^)z- q') = e,( -^z)cl>.(.). (55) 

2^aua-u^/z 2 

The product of eq{—^-^-z) and 2^1(9'^''^''^^^; — g; q, Q^^a-,^ ) is a holomorphic function 



in Rez > — ^ 
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Proposition 5.2 q-BMF Ki^\{l - q^)z; q^) is a holomorphic function in the domain z ^ 

Proof. This statement follows from (53) and ([l^). 
Corollary 5.1 



-1/2 + 1/2 _ 2 

--EJ ^z)^.(^). 



(56) 



Proof. This formula follows from ( p^ ) and (pSD- 
Proposition 5.3 T/ie junction — q'^)z;q^) satisfies the following relations 

d^z'^K^ai - q^)z- q^) = -z^-'K,^,i{l - q^)z; q^), 



il+q)z " 
2 



(57) 



d,z-^Ki^\{l-q')z;q^) = -z-'^-^K,+,{{l-q^)z;q^). 



Proof. It follows from Definition 5.1 and Proposition 3.1 



d,z-Ki^\{l-q^)z; 



4(a,ya_iy)^/2 sin vtt 



{l + q)z 



TdiyZ ^—u-\-i a~uZ -^u—ll 



4(oiya_,y)^/^ sin vir 
As it follows from (H) = a^_ig-^+i/^ = a.^+ig-^+i/^. So 

2 



.(^_l)2+l/2 



{^ + q)z 



4(a,y_ia_i,+i)3/2 sin {v - l)7r 
It is easy to see that K^ll{{l - q^)z; q^) = K'^^^((l - q^)z] q^). Thus from (| 



{l+q)z 



d.z-^K^P 



—d.,z-'^K^}l = -z-^~^K^'^ 



{i + q)z 



Proposition 5.4 The function K^\{1 — q'^)z; cp') satisfies the next functional relations 



Kl'2Aa-q')z-q')-Kl'>,{{l-q')z; 



{l-q^)z 



Kl'\i{l - q')z; q^) + K%{{1 - q')z; q') 

2 



+ 



{l-q^)z 



{l-q^)z 
{q-- + q-)K^^\{l-q^)qz-q^). 



{q-- -qnK^^\{l-q^)qz-q^), 



K^^){{l-q^)z-q^) + 
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Proof. Denote the coefficients in front of the square brackets in ( p3D by . Then from (|4 

A — A ^-'^+1/2 A — A ^'^+1/2 

The statement follows from (|3D,(pD,(|2l|) and (pi). 



Proposition 5.5 The function K^if' {{1 — q^)z;q^) satisfies the following relations 



2 



{l+q)z 
2 



d,z-Kl^){{l - q^)z;q^) = -q-^+h-'Ki\{{l - q^)z-q\ 



d,z~'^K(^\{l - q')z;q^) = -q-+^ z^^ K^i^lHl - q')z;q^ 



Proposition 5.6 The function Kj;^\{l — q'^)z;q'^) satisfies the next functional relations 

K^^\{{1 - q')z; q^) - kI^HI - q')z; q^) = -j^^iq'^ " q^K^^Kil " q')qz: q') 

[L q )z 

Ki^\{{l - q')z;q')+Ki'U{l " q'>;q') = "(^^^^^'^((1 " + 

+7p-iv(i'" + - q'')qz; 

(1 — 



The proof of Propositions |5.5| and 5.6 are the same as |5.3| and 5.4. 
Remark 5.1 

lim Kl^\{l-q^)z;q^)=K,{z), j = 1,2. (58) 

Really it follows from (^) and (^4|) if q = 1 then a^/ is independent of u, and a^, = Now 
(m) follows from Remark |3.1|. 



Remark 5.2 If q ^ 1 — the representations ( \37D and ( \53^ give us the well known asymptotic 
decompositions for the functions Iu{z) and Ky{z) respectively 



6 Some relations for the basic hypergeometric functions 

Here we summarize some relations for the basic hypergeometric functions that we have already 
derived in Section 4. It is worthwhile to note that they are based on the identifcations of 
the power and Laurent expansions for the same g-functions. In the limit g — > 1 it is became 
impossible since the later expansion diverges. Remind that 

24>i(g'^+l/2, g"^+l/2. _q. 2g ^ 

(1 — g^jz 

r(2)/o. L-n^- 



2 . ,./r^(2;g2) q-^^'+^Hnq-^ 



l-q^-"^' '^.(t^)' ^ ' ""V 2vr(l-g2) " 
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Assume in(^ {i-^q'^)z ~ ^' I""! ^ ^' Then 

= a,q-'/\q~'^ - {u/q - 1) 2'^>l(g'^+'/^ q-"^'^'; -q; q, u/q), 
au-i 2<fi{q''-'^',q-'^'/';-q;q,u)+a,+i 2^l('Z"+=^/^ g-'^-'/^ 9, ^x) = 
= 2a,u/q 2f g-^+^Z^ -q; q, u)- 

-a,q-y\q- + q^) {u/q - 1) 2<J>1 g-'^+'Z^ -'Z; 'Z, V?)- 

The last relation coming from the q-Wronskian ( p9| ) has been proved for the nonineteger u 

{u/q + 1) 2<&i(g'^+'/', -g; g, n) 2^>l(g'^+'/^ g'^^+'Z^ -g; g, -u/q)- 

{u/q - 1) 2'^>l(g'^+'/^ q-'^'/'; -q; q, -u) 2^l{q''^^'\ q-"^^'^: -q; q, u/q) = 2. 
Since 2*l'i is the continuous function of then this equality is valid for integer v. 
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